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We present new compact integrated expressions of QCD spectral functions of heavy-
light molecules and four-quark XY Z-like states at lowest order (LO) of perturbative
(PT) QCD and up to d = 8 condensates of the Operator Product Expansion (OPE).
Then, by including up to next-to-next leading order (N2LO) PT QCD corrections, which
we have estimated by assuming the factorization of the four-quark spectral functions,
we improve previous LO results from QCD spectral sum rules (QSSR), on the XY Z-like
masses and decay constants which suffer from the ill-defined heavy quark mass. PT N3LO
corrections are estimated using a geometric growth of the PT series and are included in
the systematic errors. Our optimal results based on stability criteria are summarized in
Tables 11 to 14 and compared, in Section 10, with experimental candidates and some LO
QSSR results. We conclude that the masses of the XZ observed states are compatible
with (almost) pure JPC = 1+±, 0++ molecule or/and four-quark states. The ones of
the 1−±, 0−± molecule / four-quark states are about 1.5 GeV above the Yc,b mesons
experimental candidates and hadronic thresholds. We also find that the couplings of
these exotics to the associated interpolating currents are weaker than that of ordinary
D,B mesons (fDD ≈ 10−3fD) and may behave numerically as 1/m¯3/2b (resp. 1/m¯b) for
the 1+, 0+ (resp. 1−, 0−) states which can stimulate further theoretical studies of these
decay constants.
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2 R. Albuquerque et al.
1. Introduction and Experimental Facts
A large amount of exotic hadrons which differ from the “standard” c¯c charmo-
nium and b¯b bottomium radial excitation states have been discovered in D and
B-factories through e.g. J/ψpi+pi− and Υpi+pi− processes These states are the a:
– Xc(3872) 1
++ state found by BELLE ,1 BABAR ,2,3 CDF ,4 D0 5 from B− →
pi−[X → J/ψpi+pi−] and B− → K−[X → J/ψpi+pi−] decays and by LHCb6
from B+ → K+[X → ψ(2S)γ] and B+ → K+[X → ψγ] with a full width
less than 1.2 MeV (90% CL) ,7
– Yc(4260, 4360, 4660) 1
−− states by BELLE ,13 BABAR ,14 CLEO 15 and
BESIII 16 b discovered through the initial-state-radiation (ISR) process:
e+e− → γISRpi+pi−J/ψ and the one: e+e− → pi+pi−J/ψ in the charmo-
nium region, with a respective total width of (88.0 ± 23.5), (48.0 ± 15.3)
and (92.0+41.2−31.9) MeV,
– Zc(3900) 1
++ by BELLE 18,19 and BESIII 16 from e+e− → pi±[Zc → pi±J/ψ].
However, the Zc(3900) is now quoted in PDG
7 as a 0++ state,
– Zc(4025) found by BESIII ,
20–22 through e+e− → D∗D¯∗pi, pipihc. The charged
[resp. neutral] one has a width of (24.8± 9.5) [resp. (23.0± 6.1)] MeV,
– Zc(4050) found by BELLE
23 through pi±J/ψ(2S),
– Zc(4430) from B → K[Zc → ψ′pi±] decays by BELLE 24 and confirmed recently
by LHCb25 with a width of (35± 7) MeV .7
The observed bottomium states are the:
– Yb(9898, 10260) seen by BELLE
26 through e+e− → Υ(5S)→ hb(nP )pi+pi− (n =
1, 2, 3),
– Yb(10860) near the Υ(5S) peak seen by BELLE
27 where the partial widths to
Υ(nS)pi+pi− (n = 1, 2, 3) of (1.79 ± 0.24) MeV and to Υ(1S)K+K− of
(0.067± 0.021) MeV are much larger than the one of a standard b¯b state,
– Zb(10610, 10650) seen by BELLE
28 through Υ(5S)→ Υ(nS)pi+pi− (n = 1, 2, 3)
and hb(mP )pi
+pi− (m = 1, 2) decay analyses where they have a respective
total width of (18.4± 2.4) and (11.5± 2.2) MeV.
The observations of these unconventional states c, which have some proper-
ties beyond the standard quark model (BSQM), have motivated different the-
oretical interpretations such as molecule and four-quark states 30–48 or simply
cusps/rescattering effects where no resonance is needed for explaining the data .49–51
aWe postpone in a future publication 8 the analysis of the states decaying to J/ψφ such as the:
Xc(4147, 4273) 1++ states found recently by LHCb 9 which confirm previous CDF 10,11 results,
the Xc(4350) by BELLE ,12 the Xc(4506, 4704) 0++ states by LHCb 9 and the Yc(4140) 1−− by
CDF .10
bFor a recent review on BESIII results, see e.g .17
cA recent analysis of the BELLE collaboration from Υ(1S) inclusive decays does not confirm the
existence of some of these states .29
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The existence of molecule states has been speculated long ago for charmonium
systems.52,53 They can be weakly bound states of the Van Der Vaals-type of two
mesons from a long range potential due to one meson exchange .54–56
The four-quark states have been introduced earlier by57 for interpreting the
complex spectra of light scalar mesons and used recently by 58,59 for explaining the
X(3872) meson firstly found by BELLE.1 Recent analysis based on 1/Nc expansion
have shown that the four-quark states should be narrow 60–62 which do not then
favour the four-quark interpretation of the light scalar meson f0(500), which can
eventually have a large gluon component in its wave function .63–68
In previous papers,69–73 we have studied like various authors ,74–86 to lowest
order (LO) of perturbation theory (PT) and including non-perturbative condensates
of dimension d ≤ 6 − 8, the masses of the JP = 1±, 0± molecules and four-quark
states using Exponential/Borel/inverse Laplace sum rules (hereafter denoted as
LSR d) or by combining it with Finite Energy (FESR) 91,92 QCD spectral sum rules
(QSSR)93,94 e and the double ratio of sum rules (DRSR)102 f . These LO results for
the masses and couplings agree in many cases with the observed XZ charmonium
and bottomium states and have encouraged some authors to estimate within QSSR
(but still to LO) the hadronic widths 114–118 and mixing114,119 (for reviews, see
e.g.32–34).
Unfortunately, these previous results obviously suffer from the ill-defined heavy
quark mass definition used at LO. The favoured numerical input values: mc ≈
(1.23 − 1.26) GeV and mb ≈ 4.17 GeV used in the current literature correspond
numerically to the one of the running masses though there is no reason to discard
the values: mc ≈ 1.5 GeV and mb ≈ 4.7 GeV of the on-shell (pole) quark masses
which are more natural because the spectral functions have been evaluated using
the on-shell heavy quark propagator.
Some of the previous LO results have been improved in conference communica-
tions 120,121 where we have included next-to-leading (NLO) order αs and next-to-
next leading (N2LO) order α2s PT QCD corrections in the analysis. Pursuing the
analysis, we have recently improved, in ,122 the existing LO analysis 123–127 interpret-
ing, as a molecule or four-quark state, the recent experimental candidate X(5568)
seen by D0 128 through the sequential decay to B0spi
± : B0s → J/ψ φ, J/ψ →
µ+µ−, φ → K+K−, where a JP = 0+ is favoured, but this observation was not
confirmed by LHCb .129 A conclusion which is consistent with our findings in .122
In this paper, we pursue and complete the previous program by reconsidering
the existing estimates of the masses of the XYZ-like states obtained at LO from
QSSR, namely the spin one and spin zero D¯D, B¯B-like molecules (see Table 1) and
dThe inverse Laplace transform properties of the Exponential sum rule have been noticed in87 sum
rules when NLO PT corrections are included. A comprehensive interpretation of the LSR using
the harmonic oscillator can be found in .88,89
eFor reviews where complete references can be found, see e.g:95–101
fFor some other successful applications, see .103–113
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four-quark [QqQ¯q¯] (see Table 4) states. In so doing, we include the NLO and N2LO
PT contributions to the QCD two-point correlator by assuming the factorization
of the four-quark correlator into a convolution of two quark correlators built from
bilinear quark currents. We add to it the contribution of the order α3s N3LO contri-
bution estimated from a geometric growth of the PT series .130 To these new higher
order (HO) PT contributions, we add the contributions of condensates having a di-
mension (d ≤ 6) already available in the literature but rederived in this paper. Due
to the uncertainties on the size (violation of the factorization assumption 131–135
and mixing of operators 136) and incomplete contributions (only one class of contri-
butions are only computed in the literature) of higher dimension (d ≥ 8), we do not
include them into the analysis but only consider their effects as a source of errors
in the truncation of the Operator Product Expansion (OPE).
Our results are summarized in Tables 11 to 14 and in the last section : Summary
and Conclusions.
A confrontation with different experimental candidates is given in Section 10.
2. QCD expressions of the Spectral Functions
Compared to previous LO QCD expressions of the spectral functions given in
the literature, we provide integrated compact expressions which are more easier to
handle for the numerical analysis. These expressions are tabulated in the Appen-
dices.
The PT expression of the spectral function obtained using on-shell renormaliza-
tion has been transformed into the MS-scheme by using the relation between the
MS running mass mQ(µ) and the on-shell mass (pole) MQ , to order α
2
s:
137–146
MQ = mQ(µ)
[
1 +
4
3
as + (16.2163− 1.0414nl)a2s
+Log
(
µ
MQ
)2 (
as + (8.8472− 0.3611nl)a2s
)
+Log2
(
µ
MQ
)2
(1.7917− 0.0833nl) a2s...
]
, (1)
for nl light flavours where µ is the arbitrary subtraction point and as ≡ αs/pi.
Higher order PT corrections are obtained using the factorization assumption of
the four-quark correlators into a convolution of bilinear current correlators as we
shall discuss later on.
3. QSSR analysis of the Heavy-Light Molecules
3.1. Molecule currents and the QCD two-point function
For describing these molecule states, we shall consider the usual lowest dimension
local interpolating currents where each bilinear current has the quantum number
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of the corresponding open D(0−), D∗0(0
+), D∗(1−) , D1(1+) states and the anal-
ogous states in the b-quark channel g. The previous assignment is consistent with
the definition of a molecule to be a weakly bound state of two mesons within a Van
der Vaals force other than a gluon exchange. This feature can justify the approx-
imate use (up to order 1/Nc) of the factorization of the four-quark currents as a
convolution of two bilinear quark-antiquark currents when estimating the HO PT
corrections. These states and the corresponding interpolating currents are given in
Table 1.
Table 1. Interpolating currents with a definite C-parity describing the molecule-like states. Q ≡
c (resp. b) for the D¯D (resp. B¯B)-like molecules. q ≡ u, d.
States JPC Molecule Currents ≡ Omol(x)
0++
D¯D, B¯B (q¯γ5Q)(Q¯γ5q)
D¯∗D∗, B¯∗B∗ (q¯γµQ)(Q¯γµq)
D¯∗0D
∗
0 , B¯
∗
0B
∗
0 (q¯Q)(Q¯q)
1++
D¯∗D, B¯∗B i√
2
[
(Q¯γµq)(q¯γ5Q)− (q¯γµQ)(Q¯γ5q)
]
D¯∗0D1, B¯
∗
0B1
1√
2
[
(q¯Q)(Q¯γµγ5q) + (Q¯q)(q¯γµγ5Q)
]
0−±
D¯∗0D, B¯
∗
0B
1√
2
[
(q¯Q)(Q¯γ5q)± (Q¯q)(q¯γ5Q)
]
D¯∗D1, B¯∗B1 1√
2
[
(Q¯γµq)(q¯γµγ5Q)∓ (Q¯γµγ5q)(q¯γµQ)
]
1−±
D¯∗0D
∗, B¯∗0B
∗ 1√
2
[
(q¯Q)(Q¯γµq)∓ (Q¯q)(q¯γµQ)
]
D¯D1, B¯B1
i√
2
[
(Q¯γµγ5q)(q¯γ5Q)± (q¯γµγ5Q)(Q¯γ5q)
]
The two-point correlators associated to the (axial)-vector interpolating operators
are:
Πµνmol(q) ≡ i
∫
d4x eiq.x〈0|T [Oµmol(x)Oν†mol(0)]|0〉
= −Π(1)mol(q2)(gµν −
qµqν
q2
) + Π
(0)
mol(q
2)
qµqν
q2
, (2)
gFor convenience, we shall not consider colored and more general combinations of interpolating
operators discussed e.g in84,117 as well as higher dimension ones involving derivatives.
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The two invariants, Π
(1)
mol and Π
(0)
mol, appearing in Eq. (2) are independent and have
respectively the quantum numbers of the spin 1 and 0 mesons.
Π
(0)
mol is related via Ward identities
95,96 to the (pseudo)scalar two-point functions
ψ(s,p)(q2) built directly from the (pseudo)scalar currents given in Table 1:
ψ
(s,p)
mol (q
2) = i
∫
d4x eiq.x〈0|T [O(s,p)mol (x)O(s,p)mol (0)]|0〉 , (3)
with which we shall work in the following.
Thanks to their analyticity properties, the invariant functions Π
(1,0)
mol (q
2) in
Eq. (2) and the two-point correlator ψ
(s,p)
mol (q
2) in Eq. 3 obey the dispersion rela-
tion:
Π
(1,0)
mol (q
2), ψ
(s,p)
mol (q
2) =
1
pi
∫ ∞
4m2c
dt
Im Π
(1,0)
mol (t), Im ψ
(s,p)
mol (t)
t− q2 − i + · · · , (4)
where Im Π
(1,0)
mol (t), Imψ
(s,p)
mol (t) are the spectral functions and · · · indicate subtrac-
tion points which are polynomial in q2.
3.2. LO PT and NP corrections to the molecule spectral functions
The new different LO integrated expressions including non-perturbative (NP) cor-
rections up to dimension d=6-8 used in the analysis are tabulated in Appendix A.
Compared to the ones in the literature, the expressions of the spectral func-
tions are in integrated and compact forms which are more easier to handle for the
numerical phenomenological analysis. However, one should note that most of the
expressions given in the literature do not agree each others. Due to the few infor-
mations given by the authors on their derivation, it is difficult to trace back the
origin of such discrepancies. Hopefully, within the accuracy of the approach, such
discrepancies affect only slightly the final results if the errors are taken properly.
In the chiral limit mq = 0 and 〈u¯u〉 = 〈d¯d〉, we have checked that the orthog-
onal combinations of D¯∗D, B¯∗B(1++), D¯∗0D1, B¯
∗
0B1(0
−−) and D¯∗D1, B¯∗B1(0−−)
molecules give the same results up to the d = 6 contributions. This is due to the
presence of one γ5 matrix in the current which neutralizes the different traces ap-
pearing in each pair. This is not the case of the D¯∗0D
∗, B¯∗0B
∗ (without γ5) and
D¯D1, B¯B1 (with two γ5).
3.3. 1/q2 tachyonic gluon mass and large order PT corrections
The 1/q2 corrections due to a tachyonic gluon mass discussed in147,148 (for reviews
see: 149,150) will not be included here. Instead, we shall consider the fact that they
are dual to the sum of the large order PT series 130 such that, with the inclusion
of the N3LO term estimated from the geometric growth of the QCD PT series130
as a source of the PT errors, we expect to give a good approximation of these
uncalculated higher order terms. The estimate of these errors is given in Tables 7
to 10.
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3.4. NLO and N2LO PT corrections using factorization
Assuming a factorization of the four-quark interpolating current as a natural con-
sequence of the molecule definition of the state, we can write the corresponding
spectral function as a convolution of the spectral functions associated to quark bi-
linear current h as illustrated by the Feynman diagrams in Fig. 1. In this way, we
obtain151 i for the D¯D∗ and D¯∗0D
∗ spin 1 states:
1
pi
ImΠ
(1)
mol(t) = θ(t− 4M2Q)
(
1
4pi
)2
t2
∫ (√t−MQ)2
M2Q
dt1
∫ (√t−√t1)2
M2Q
dt2
× λ3/2 1
pi
ImΠ(1)(t1)
1
pi
Imψ(s,p)(t2) . (5)
For the D¯D spin 0 state, one has:
1
pi
Imψ
(s)
mol(t) = θ(t− 4M2Q)
(
1
4pi
)2
t2
∫ (√t−MQ)2
m2Q
dt1
∫ (√t−√t1)2
m2Q
dt2
× λ1/2
(
t1
t
+
t2
t
− 1
)2
× 1
pi
Imψ(p)(t1)
1
pi
Imψ(p)(t2), (6)
and for the D¯∗D∗ spin 0 state:
1
pi
Imψmol(t) = θ(t− 4M2Q)
(
1
4pi
)2
t2
∫ (√t−MQ)2
m2Q
dt1
∫ (√t−√t1)2
m2Q
dt2
× λ1/2
[( t1
t
+
t2
t
− 1
)2
+
8t1t2
t2
]
× 1
pi
ImΠ(1)(t1)
1
pi
ImΠ(1)(t2), (7)
where:
λ =
(
1−
(√
t1 −
√
t2
)2
t
)(
1−
(√
t1 +
√
t2
)2
t
)
, (8)
is the phase space factor and MQ is the on-shell heavy quark mass. Im Π
(1)(t)
is the spectral function associated to the bilinear c¯γµ(γ5)q vector or axial-vector
current, while Im ψ(5)(t) is associated to the c¯(γ5)q scalar or pseudoscalar current
j.
This representation simplifies the evaluation of the PT αns -corrections as we can
use the PT expression of the spectral functions for heavy-light bilinear currents
known to order αs (NLO) from
155 and to order α2s (N2LO) from
156,157 which are
hIt is called properly sesquilinear instead of bilinear current as it is a formed by a quark field and
its anti-particle. We thank Professor Raoelina Andriambololona for this remark.
iFor some applications to the B¯B mixing, see e.g.152–154
jIn the limit where the light quark mass mq = 0, the PT expressions of the vector (resp. scalar)
and axial-vector (resp. pseudoscalar) spectral functions are the same.
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available as a Mathematica Program named Rvs. From this above representation,
the anomalous dimension of the correlator comes from the (pseudo)scalar current
and the corresponding renormalization group invariant interpolating current reads
to NLO k:
O¯(s,p)mol (µ) = as(µ)4/β1O(s,p)mol , O¯(1)mol(µ) = as(µ)2/β1O(1)mol . (9)
Within the above procedure, we have checked that we reproduce the factorized
PT LO contributions obtained using for example the PT expressions of D¯∗0D
∗
0 and
D¯∗0D
∗ given in Appendix A.
3.5. Parametrization of the Spectral Function within MDA
We shall use the Minimal Duality Ansatz (MDA) given in Eq. 10 for parametriz-
ing the spectral function (generic notation):
1
pi
ImΠmol(t) ' f2molM8molδ(t−M2mol) + “QCD continuum”θ(t− tc), (10)
where fmol is the decay constant defined as:
〈0|O(s,p)mol |mol〉 = f (s,p)mol M4mol , 〈0|Oµmol|mol〉 = f (1)molM5molµ , (11)
respectively for spin 0 and 1 molecule states with µ the vector polarization. The
higher states contributions are smeared by the “QCD continuum” coming from the
discontinuity of the QCD diagrams and starting from a constant threshold tc.
Noting that in the previous definition in Table 1, the bilinear (pseudo)scalar
current acquires an anomalous dimension due to its normalization, thus the decay
constants run to order α2s as
l:
f
(s,p)
mol (µ) = fˆ
(s,p)
mol (−β1as)4/β1 /r2m , f (1)mol(µ) = fˆ (1)mol (−β1as)2/β1 /rm , (12)
where we have introduced the renormalization group invariant coupling fˆmol; −β1 =
(1/2)(11− 2nf/3) is the first coefficient of the QCD β-function for nf flavours and
as ≡ (αs/pi). The QCD corrections numerically read;
rm(nf = 4) = 1 + 1.014as + 1.389a
2
s, rm(nf = 5) = 1 + 1.176as + 1.501a
2
s.(13)
3.6. The inverse Laplace transform sum rule (LSR)
The exponential sum rules firstly derived by SVZ 93,94 have been called Borel sum
rules due to the factorial suppression factor of the condensate contributions in
the OPE. Their quantum mechanics version have been studied by Bell-Bertlmann
in88–90 through the harmonic oscillator where τ has the property of an imaginary
time, while the derivation of their radiative corrections has been firstly shown by
kThe spin 0 current built from two (axial)-vector currents has no anomalous dimension.
lThe coupling of the (pseudo)scalar molecule built from two (axial)-vector currents has no anoma-
lous dimension and does not run.
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Narison-de Rafael 87 to have the properties of the inverse Laplace sum rule (LSR).
The LSR and its ratio read m:
Lmol(τ, tc, µ) =
∫ tc
4M2Q
dt e−tτ
1
pi
ImΠ
(1,0)
mol (t, µ) , (14)
Rmol(τ, tc, µ) =
∫ tc
4M2Q
dt t e−tτ 1pi ImΠ
(1,0)
mol (t, µ)∫ tc
4M2Q
dt e−tτ 1pi ImΠ
(1,0)
mol (t, µ)
'M2R , (15)
where µ is the subtraction point which appears in the approximate QCD series
when radiative corrections are included and τ is the sum rule variable replacing q2.
Similar sum rules are obtained for the (pseudo)scalar two-point function ψ(s,p)(q2).
The variables τ, µ and tc are, in principle, free parameters. We shall use stability
criteria (if any), with respect to these free 3 parameters, for extracting the optimal
results.
3.7. Tests of MDA and Stability Criteria
In the standard Minimal Duality Ansatz (MDA) given in Eq. 10 for parametriz-
ing the spectral function, the “QCD continuum” threshold tc is constant and is
independent on the subtraction point µ n. One should notice that this standard
MDA with constant tc describes quite well the properties of the lowest ground state
as explicitly demonstrated in159,160 and in various examples ,95,96 while it has been
also successfully tested in the large Nc limit of QCD in.
161,162
Ref.159,160 has explicitly tested this simple model by confronting the predictions
of the integrated spectral function within this simple parametrization with the full
data measurements. One can notice in Figs. 1 and 2 of Ref.159,160 the remarkable
agreement of the model predictions and of the measured data of the J/ψ charmo-
nium and Υ bottomium systems for a large range of the inverse sum rule variable τ .
Though it is difficult to estimate with a good precision the systematic error related
to this simple model, this feature indicates the ability of the model for reproducing
accurately the data. We expect that the same feature is reproduced for the case of
the XYZ discussed here where complete data are still lacking.
In order to extract an optimal information for the lowest resonance parameters
from this rather crude description of the spectral function and from the approximate
QCD expression, one often applies the stability criteria at which an optimal result
can be extracted. This stability is signaled by the existence of a stability plateau, an
extremum or an inflexion point (so-called “sum rule window”) versus the changes
of the external sum rule variables τ and tc where the simultaneous requirement on
the dominance over the continuum contribution and on the convergence of the OPE
mThe last equality in Eq. 15 is obtained when one uses MDA in Eq. 10 for parametrizing the
spectral function.
nSome model with a µ-dependence of tc has been discussed e.g in .158
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is automatically satisfied. This optimization criterion demonstrated in series of pa-
pers by Bell-Bertlmann,88–90 in the case of the τ -variable, by taking the examples
of harmonic oscillator and charmonium sum rules and extended to the case of the
tc-parameter in
95,96 gives a more precise meaning of the so-called “sum rule win-
dow” originally discussed by SVZ93,94 and used in the sum rules literature. Similar
applications of the optimization method to the pseudoscalar D and B open meson
states have been successful when compared with results from some other determi-
nations as discussed in Ref. 159,160 and reviewed in 95,96,163–165 and in some other
recent reviews .166,167
In this paper, we shall add to the previous well-known τ - and tc-stability criteria,
the one associated to the requirement of stability versus the arbitrary subtraction
constant µ often put by hand in the current literature and which is often the source
of large errors from the PT series in the sum rule analysis. The µ-stability proce-
dure has been applied recently in 159,160,164,165,168–170 o which gives a much better
meaning on the choice of µ-value at which the observable is extracted, while the
errors in the determinations of the results have been reduced due to a better control
of the µ region of variation which is not the case in the existing literature.
Table 2. QCD input parameters: the original errors for 〈αsG2〉, 〈g3G3〉 and ρ〈q¯q〉2 have been
multiplied by about a factor 3 for a conservative estimate of the errors (see also the text).
Parameters Values Ref.
αs(Mτ ) 0.325(8)
131,176,177
mc(mc) 1261(12) MeV average
7,178–183
mb(mb) 4177(11) MeV average
7,178–181
µˆq (253± 6) MeV 95,107,109,169,184,185
M20 (0.8± 0.2) GeV2 108,133–135,186–188
〈αsG2〉 (7± 3)× 10−2 GeV4 88–90,131,132,179–181,189–194
〈g3G3〉 (8.2± 2.0) GeV2 × 〈αsG2〉 179–181
ραs〈q¯q〉2 (5.8± 1.8)× 10−4 GeV6 131–135
3.8. QCD Input Parameters
The QCD parameters which shall appear in the following analysis will be the
charm and bottom quark masses mc,b (we shall neglect the light quark masses
q ≡ u, d), the light quark condensate 〈q¯q〉, the gluon condensates 〈αsG2〉 ≡
〈αsGaµνGµνa 〉 and 〈g3G3〉 ≡ 〈g3fabcGaµνGb,νρ Gc,ρµ〉, the mixed condensate 〈q¯Gq〉 ≡
〈q¯gσµν(λa/2)Gaµνq〉 = M20 〈q¯q〉 and the four-quark condensate ραs〈q¯q〉2, where
ρ ' 3 − 4 indicates the deviation from the four-quark vacuum saturation. Their
values are given in Table 2.
oSome other alternative approaches for optimizing the PT series can be found in.171–175
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We shall work with the running light quark condensates and masses, which read
to leading order in αs:
〈q¯q〉(τ) = −µˆ3q (−β1as)2/β1 , 〈q¯Gq〉(τ) = −M20 µˆ3q (−β1as)1/3β1 , (16)
where β1 = −(1/2)(11 − 2nf/3) is the first coefficient of the β function for nf
flavours; as ≡ αs(τ)/pi; µˆq is the spontaneous RGI light quark condensate.197 We
shall use:
αs(Mτ ) = 0.325(8) =⇒ αs(MZ) = 0.1192(10) (17)
from τ -decays131,176,177 p which agree with the 2016 world average :196
αs(MZ) = 0.1181(11) . (18)
The value of the running 〈q¯q〉 condensate is deduced from the well-known GMOR
relation:
(mu +md)〈u¯u+ d¯d〉 = −m2pif2pi , (19)
where fpi = 130.4(2) MeV.
166 The value of (mu+md)(2) = (7.9±0.6) MeV obtained
in107,109 agrees with the PDG in7 and lattice averages in.167 Then, we deduce the
RGI light quark spontaneous mass µˆq given in Table 2.
For the heavy quarks, we shall use the running mass and the corresponding
value of αs evaluated at the scale µ. These sets of correlated parameters are given
in Table 3 for different values of µ and for a given number of flavours nf .
For the 〈αsG2〉 condensate, we have enlarged the original error by a factor about
3 in order to have a conservative result for recovering the original SVZ estimate and
the alternative extraction in182,183 from charmonium sum rules. However, a direct
comparison of this range of values obtained within short QCD series (few terms)
with the one from lattice calculations198 obtained within a long QCD series 199 can
be misleading.
Some other estimates of the gluon and four-quark condensates using τ -decay
and e+e− → I = 1 hadrons data can be found in .91,92,200,201 Due to the large
uncertainties induced by the different resummations of the QCD series and by the
less-controlled effects of some eventual duality violation, we do not consider explic-
itly these values in the following analysis. However, we shall see later on that the
effects of the gluon and four-quark condensates on the values of the decay constants
and masses are almost negligible though they play an important roˆle in the stability
analysis.
4. Accuracy of the Factorization Assumption
4.1. PT Lowest order tests
To lowest order of PT QCD, the four-quark correlator can be subdivided into its
factorized (Fig. 1a) and its non-factorized (Fig. 1b) parts. In the following, we shall
pA recent update is done in 195 where the same central value is obtained and more complete
references are given.
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Table 3. αs(µ) and correlated values of mQ(µ) used in the analysis for different
values of the subtraction scale µ. The error in mQ(µ) has been induced by the one
of αs(µ) to which one has added the error on their determination given in Table 2.
Input for D¯D, ..., [cqc¯q¯], : nf = 4
µ[GeV] αs(µ) mc(µ)[GeV]
Input: mc(mc) 0.4084(144) 1.26
1.5 0.3649(110) 1.176(5)
2 0.3120(77) 1.069(9)
2.5 0.2812(61) 1.005(10)
3.0 0.2606(51) 0.961(10)
3.5 0.2455(45) 0.929(11)
4.0 0.2339(41) 0.903(11)
4.5 0.2246(37) 0.882(11)
5.0 0.2169(35) 0.865(11)
5.5 0.2104(33) 0.851(12)
6.0 0.2049(30) 0.838(12)
Input for B¯B, ..., [bqb¯q¯] : nf = 5
µ[GeV] αs(µ) mb(µ)[GeV]
3 0.2590(26) 4.474(4)
3.5 0.2460(20) 4.328(2)
Input: mb(mb) 0.2320(20) 4.177
4.5 0.2267(20) 4.119(1)
5.0 0.2197(18) 4.040(1)
5.5 0.2137(17) 3.973(2)
6.0 0.2085(16) 3.914(2)
6.5 0.2040(15) 3.862(2)
7.0 0.2000(15) 3.816(3)
Fig. 1. (a) Factorized contribution to the four-quark correlator at lowest order of PT; (b) Non-
factorized contribution at lowest order of PT (the figure comes from 151).
further test the factorization assumption if one does it at lowest order (LO) of PT
by taking the example of the M¯∗0M
∗(1−) molecule states where M ≡ D (resp.
B) meson in the charm (resp. bottom) quark channels. The factorized expression
corresponds to the value  = 0 and the full one to  = 1 in the QCD expressions of
the spectral functions given in Appendix A.
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D
¯
ecay Constants and Masses of the M¯∗0M
∗(1−) Molecules
We study in Fig. 2 the effect of factorization for a given value of tc = 42 GeV
2 and
µ = 4.5 GeV at lowest order of PT for the D¯∗0D
∗(1−) molecule. An analogous anal-
ysis is done for the B∗0B
∗ molecule which presents the same qualitative behaviour
as the one in Fig. 2.
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Fig. 2. a) Factorized ( = 0) and full ( = 1) lowest order PT contributions to fD∗0D∗ as function of
τ for a given value of tc = 42 GeV
2, µ = 4.5 GeV, mc(mc) = 1.26 GeV and using the QCD parameters
in Tables 2 and 3; b) The same as a) but for the mass MD∗0D∗ .
C
¯
onclusions from the PT lowest order analysis
We conclude from the previous two examples that assuming a factorization of the
PT contributions at LO induces an almost negligible effect on the decay constant
(' 1.5%) and mass (' 7 × 10−4) determinations for the D¯∗0D∗ and B¯∗0B∗ vector
molecules.
4.2. Factorization tests for PT⊕NP contributions at LO
One can notice, from the QCD expression including NP contributions, that the
factorization assumption modifies the structure of the OPE due to the vanishing of
some contributions at LO.
D
¯
ecay Constants and Masses of the M¯∗0M
∗(1−−) Molecules
We study in Fig. 3 the effect of factorization for PT⊕NP at LO for a given value of
tc = 42 GeV
2 and µ = 4.5 GeV at lowest order of PT for the D¯∗0D
∗(1−) molecule.
An analogous analysis is done for the B¯∗0B
∗ molecule which presents the same
qualitative behaviour as the one in Fig. 3.
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Fig. 3. a) Factorized ( = 0) and full ( = 1) lowest order PT contributions to fD∗0D∗ as function of
τ for a given value of tc = 42 GeV
2, µ = 4.5 GeV, mc(mc) = 1.26 GeV and using the QCD parameters
in Tables 2 and 3; b) The same as a) but for the mass MD∗0D∗ .
C
¯
onclusions for the PT⊕NP analysis
One can notice from Fig. 3 that the effect of factorization of the PT⊕NP at LO
is about 2.2% for the decay constant and 0.5% for the mass which is quite tiny.
However, to avoid this (small) effect, we shall work in the following with the full
non-factorized PT⊕NP of the LO expressions.
4.3. Test at NLO of PT
E
¯
xample of the B0B¯0 four-quark correlator
For extracting the PT αns corrections to the correlator and due to the technical
complexity of the calculations, we shall assume that these radiative corrections are
dominated by the ones from the factorized diagrams (Fig. 4a,b) while we neglect
the ones from non-factorized diagrams (Fig. 4c to f). This fact has been proven
explicitly by 153,154 in the case of the B¯0B0 systems (very similar correlator as
the ones discussed in the following) where the non-factorized αs corrections do not
exceed 10% of the total αs contributions.
C
¯
onclusions of the PT NLO analysis
We expect from the previous LO examples that the masses of the molecules are
known with a good accuracy while, for the coupling, we shall have in mind the
systematics induced by the radiative corrections estimated by keeping only the
factorized diagrams. The contributions of the factorized diagrams will be extracted
from the convolution integrals given in Eq. 5. Here, the suppression of the NLO
corrections will be more pronounced for the extraction of the meson masses from
the ratio of sum rules compared to the case of the B¯0B0 systems.
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Fig. 4. (a,b) Factorized contributions to the four-quark correlator at NLO of PT; (c to f) Non-
factorized contributions at NLO of PT (the figure comes from 151).
5. The (0++) Heavy-Light Scalar Molecule States
We shall study the D¯D, D¯∗D∗ and D¯∗0D
∗
0 and their beauty analogue using the
same approaches and strategies. The qualitative behaviours of the curves in these
different channels are very similar such that we shall only illustrate explicitly the
analysis for the D¯D and B¯B molecules and will only quote the results for the others.
5.1. Decay constant and mass of the D¯D molecule
• τ and tc stabilities
We study the behaviour of the coupling q fDD and mass MDD in terms of the
LSR variable τ at different values of tc as shown in Fig.5 at LO, in Fig. 6 at NLO
and in Fig. 7 at N2LO. We consider, as a final and conservative result, the one
à
0.1 0.2 0.3 0.4 0.5 0.6
150
200
250
300
Τ @GeV-2D
f D
D
@k
e
V
D
34
ç 32
28
25
à 23
22
tc@GeV
2D Μ = 4.5 GeV
à
ç
0.1 0.2 0.3 0.4 0.5 0.6
3.5
4.0
4.5
5.0
Τ @GeV-2D
M
D
D
@G
e
V
D
34
ç 32
28
25
à 23
22
tc@GeV
2D Μ = 4.5 GeV
a) b)
Fig. 5. a) fDD at LO as function of τ for different values of tc, for µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass MDD.
qHere and in the following : decay constant is the same as : coupling.
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corresponding to the beginning of the τ -stability (τ ' 0.25 GeV−2) for tc=22 GeV2
until the one where tc-stability starts to be reached for tc ' 32 GeV2 and for τ '
0.35 GeV−2. In these stability regions, the requirement that the pole contribution
is larger than the one of the continuum is automatically satisfied (see e.g. 34).
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Fig. 6. a) fDD at NLO as function of τ for different values of tc, for µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass MDD.
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Fig. 7. a) fDD at N2LO as function of τ for different values of tc, for µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass MDD.
R
¯
unning versus the pole quark mass definitions
We show in Fig. 8 the effect of the definitions (running and pole) of the heavy quark
mass used in the analysis at LO which is relatively important. The difference should
be added as errors in the LO analysis. This source of errors is never considered in
the current literature.
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Fig. 8. a) fDD at LO as function of τ for tc = 32 GeV
2, for µ = 4.5 GeV, for values of the running
mc(mc) = 1.26 GeV and pole mass Mc = 1.47 GeV. We use the QCD parameters in Tables 2 and 3; b)
The same as a) but for the mass MDD.
• Convergence of the PT series
Using tc = 32 GeV
2, we study in Fig. 9 the convergence of the PT series for a given
value of µ = 4.5 GeV. We observe (see Table 11) that from NLO to N2LO the mass
decreases by about only 1 per mil indicating the good convergence of the PT series.
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Fig. 9. a) fDD as function of τ for a given value of tc = 32 GeV
2, for µ = 4.5 GeV, for different
truncation of the PT series and for the QCD parameters in Tables 2 and 3; b) The same as a) but for
the mass MDD.
• µ-stability
We improve our previous results by using different values of µ (Fig. 10). Using the
fact that the final result must be independent of the arbitrary parameter µ (plateau
/ inflexion point for the coupling and minimum for the mass), we consider as an
optimal result the one at µ ' 4.5 GeV where we deduce the result given in Table 11.
March 14, 2018 1:55 WSPC/INSTRUCTION FILE mole156
18 R. Albuquerque et al.
3.0 3.5 4.0 4.5 5.0
61.0
61.5
62.0
62.5
63.0
63.5
64.0
Μ @GeVD
f` D
D
@k
eV
D
3.5 4.0 4.5 5.0
3.86
3.88
3.90
3.92
3.94
Μ @GeVD
M
D
D
@G
eV
D
a) b)
Fig. 10. a) Renormalization group invariant coupling fˆDD at NLO as function of µ, for the corre-
sponding τ -stability region, for tc ' 32 GeV2 and for the QCD parameters in Tables 2 and 3; b) The
same as a) but for the mass MDD.
5.2. Coupling and mass of the B¯B molecule
We extend the analysis to the b-quark sector which we show in Figs. 11 to 16. The
optimal results of the analysis given in Tables 8 and 12, are obtained at N2LO for
the set:
τ ' 0.15 GeV−2, tc ' (160− 190) GeV2 and µ ' 5.5 GeV. (20)
One can notice from Figs. 11 to 13 that the value of τ at which the optimal results
are obtained shifts at LO from 0.08 to 0.1 GeV−2. Comparing the c and b channels,
one finds that at N2LO, the values of τ is about (0.3 ∼ 0.4) GeV−2 and µ about
4.5 GeV for the charm channel.
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Fig. 11. a) fBB at LO as function of τ for different values of tc, for µ = 6 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass MBB .
6. The (1+±) Heavy-Light Axial-Vector Molecule States
We shall study here the masses and couplings of the JPC = 1+± axial-vector
molecule states : D¯∗D, B¯∗B and D¯∗0D1, B¯
∗
0B1. States with opposite C-parity are
degenerated in this channel.
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Fig. 12. a) fBB at NLO as function of τ for different values of tc, for µ = 6 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass MBB .
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Fig. 13. a) fBB at N2LO as function of τ for different values of tc, for µ = 6 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass MBB .
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Fig. 14. a) fBB at LO as function of τ for tc = 190 GeV
2, for µ = 6 GeV, for values of the running
mb(mb) = 4.18 GeV and pole mass Mb = 4.66 GeV. We use the QCD parameters in Tables 2 and 3; b)
The same as a) but for the mass MBB .
The analysis (shapes of different curves) is very similar to the one of the D¯D
and B¯B channels and will not be repeated here. We shall only quote the results in
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Fig. 15. a) fBB as function of τ for a given value of tc = 190 GeV
2, for µ = 6 GeV, for different
truncation of the PT series and for the QCD parameters in Tables 2 and 3; b) The same as a) but for
the mass MBB .
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Fig. 16. a) Renormalization group invariant coupling fˆBB at NLO as function of µ, for the corre-
sponding τ -stability region, for tc ' 190 GeV2 and for the QCD parameters in Tables 2 and 3; b) The
same as a) but for the mass MBB .
Tables 7 to 12 obtained at N2LO for the set of parameters:
τ ' (0.30− 0.37) GeV−2, tc ' (23− 32) GeV2 and µ ' 4.7 GeV, (21)
for the c channel and:
τ ' (0.12− 0.14) GeV−2, tc ' (140− 170) GeV2 and µ ' 6 GeV, (22)
for the b channel.
We observe in Tables 11 and 12 a good convergence of the results from NLO to
N2LO where the corresponding variations are smaller than the errors of the masses
and couplings determinations.
7. The (0−±) Heavy-Light Pseudoscalar Molecule States
Here, we shall analyze the masses and couplings of the pseudoscalar D¯∗0D, D¯
∗D1
and their beauty analogue, which will be illustrated by the case of D¯∗0D and B¯
∗
0B.
States with opposite C-parities are degenerated in this channel.
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7.1. Coupling and mass of the D¯∗0D molecule
• τ and tc stabilities
We study the behaviour of the coupling fD∗0D and mass MD∗0D in terms of the
LSR variable τ at different values of tc as shown in Fig. 17 at LO, in Fig. 18 at
NLO and in Fig. 19 at N2LO. We consider as a final and conservative result the
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Fig. 17. a) fD∗0D at LO as function of τ for different values of tc, for µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass MD∗0D.
one corresponding to the beginning of the τ -stability for tc=42 GeV
2 until the one
where tc-stability starts to be reached for tc ' 48 GeV2. In these stability regions,
the requirement that the pole contribution is larger than the one of the continuum
(see e.g. 34) is automatically satisfied.
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Fig. 18. a) fD∗0D at NLO as function of τ for different values of tc, for µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass MD∗0D.
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Fig. 19. a) fD∗0D at N2LO as function of τ for different values of tc, for µ = 4.5 GeV and for the
QCD parameters in Tables 2 and 3; b) The same as a) but for the mass MD∗0D.
R
¯
unning versus the pole quark mass definitions
We show in Fig. 20 the effect of the definitions (running or pole) of the heavy quark
mass used in the analysis at LO which is important for the coupling and the mass.
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Fig. 20. a) fD∗0D at LO as function of τ for tc = 42 GeV
2, for µ = 4.5 GeV, for values of the running
mc(mc) = 1.26 GeV and pole mass Mc = 1.47 GeV. We use the QCD parameters in Tables 2 and 3; b)
The same as a) but for the mass MD∗0D.
• Convergence of the PT series
Using tc ' 42 GeV2, we study in Fig. 21 the convergence of the PT series for a given
value of µ = 4.5 GeV. We observe that from NLO to N2LO the mass decreases by
about only 1.5% indicating the good convergence of the PT series.
• µ-stability
We improve our previous results by using different values of µ (Fig. 22). Using the
fact that the final result must be independent of the arbitrary parameter µ, we
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Fig. 21. a) fD∗0D as function of τ for a given value of tc = 42 GeV
2, for µ = 4.5 GeV, for different
truncation of the PT series and for the QCD parameters in Tables 2 and 3; b) The same as a) but for
the mass MD∗0D.
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Fig. 22. a) Renormalization group invariant coupling fˆD∗0D at NLO as function of µ, for the corre-
sponding τ -stability region, for tc ' 42 GeV2 and for the QCD parameters in Tables 2 and 3; b) The
same as a) but for the mass MD∗0D.
consider as an optimal result the one at the inflexion point for µ ' 4.5 GeV at
which we deduce the result in Table 11.
7.2. Coupling and mass of the B¯∗0B molecule
We extend the analysis to the b-quark sector which we show in Figs. 23 to 28. The
result is shown in Table 12. At N2LO, it corresponds to the set of parameters:
τ ' (0.07− 0.09) GeV−2, tc ' (170− 200) GeV2 and µ ' 5.5 GeV. (23)
8. The (1−±) Heavy-Light Vector Molecule states
We shall study the D¯∗0D
∗, D¯D1 (1−−), their beauty analogue and their orthogonal
combinations (1−+) having positive C-parity using the currents in Table 1. The
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Fig. 23. a) fB∗0B at LO as function of τ for different values of tc, for µ = 5.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass MB∗0B .
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Fig. 24. a) fB∗0B at LO as function of τ for tc = 170 GeV
2, for µ = 5.5 GeV, for values of the running
mb(mb) = 4.18 GeV and pole mass Mb = 4.66 GeV. We use the QCD parameters in Tables 2 and 3; b)
The same as a) but for the mass MB∗0B .
analysis (shapes of the curves) are very similar to the one of the D∗0D and B
∗
0B and
will not be reported here. The results of the analysis are summarized in Tables 7 to
12. At N2LO, they correspond to the set of parameters:
τ ' (0.15− 0.21) GeV−2, tc ' (42− 48) GeV2 and µ ' 4.5 GeV, (24)
in the c-channel and :
τ ' (0.07− 0.09) GeV−2, tc ' (170− 200) GeV2 and µ ' 5.5 GeV, (25)
in the b-channel.
9. The heavy-light four-quark states
9.1. The QCD interpolating currents
The four-quark states
[
QqQ¯q¯
]
will be described by the interpolating currents given
in Table 4:
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Fig. 25. a) fB∗0B at NLO as function of τ for different values of tc, for µ = 5.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass MB∗0B .
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Fig. 26. a) fB∗0B at N2LO as function of τ for different values of tc, for µ = 5.5 GeV and for the
QCD parameters in Tables 2 and 3; b) The same as a) but for the mass MB∗0B .
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Fig. 27. a) fB∗0B as function of τ for a given value of tc = 170 GeV
2, for µ = 5.5 GeV, for different
truncation of the PT series and for the QCD parameters in Tables 2 and 3; b) The same as a) but for
the mass MB∗0B .
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Fig. 28. a) Renormalization group invariant coupling fˆB∗0B at NLO as function of µ, for the corre-
sponding τ -stability region, for tc ' 170 GeV2 and for the QCD parameters in Tables 2 and 3; b) The
same as a) but for the mass MB∗0B .
Table 4. Interpolating currents with a definite P -parity describing the four-quark states. Q ≡ c
(resp. b) in the charm (resp. bottom) channel. q ≡ u, d.
JP Four-Quark Currents ≡ O4q(x)
0+ abcdec
[(
qTa Cγ5 Qb
)(
q¯d γ5C Q¯
T
e
)
+ k
(
qTa C Qb
)(
q¯d C Q¯
T
e
)]
1+ abcdec
[(
qTa Cγ5 Qb
)(
q¯d γµC Q¯
T
e
)
+ k
(
qTa C Qb
)(
q¯d γµγ5C Q¯
T
e
)]
0− abcdec
[(
qTa Cγ5 Qb
)(
q¯d C Q¯
T
e
)
+ k
(
qTa C Qb
)(
q¯d γ5C Q¯
T
e
)]
1− abcdec
[(
qTa Cγ5 Qb
)(
q¯d γµγ5C Q¯
T
e
)
+ k
(
qTa C Qb
)(
q¯d γµC Q¯
T
e
)]
The corresponding spectral functions are defined analogously to Eq. 2 as: 1pi ImΠ
(1)
4q (t)
for spin 1 and 1pi Imψ
(s,p)
4q (t) from Eq. 3 for spin 0 mesons. k is the mixing of the two
operators. We shall take the optimal choice k = 0 as demonstrated in .72,73 The
expressions of the spectral functions to LO of PT and including the contributions
of condensates of dimension d ≤ 8 are given in Appendix B.
9.2. Coupling and mass of the Sc(0
+) four-quark state
Like in the previous case of the molecule states, we study the coupling and mass
of the scalar Sc(0
+) four-quark state which we show in Figs. 29 to 34. We shall see
that the analysis of the four-quark states is very similar to the one of the molecules
and present analogous features (presence of minimas or/and inflexion points, good
convergence of the PT series and the OPE). The results are summarized in Tables 9
and 13. At N2LO, the corresponding set of parameters are:
τ ' (0.3− 0.4) GeV−2, tc ' (23− 32) GeV2 and µ ' 4.5 GeV, (26)
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Fig. 29. a) fSc at LO as function of τ for different values of tc, for µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass MSc .
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Fig. 30. a) fSc at NLO as function of τ for different values of tc, for µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass MSc .
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Fig. 31. a) fSc at N2LO as function of τ for different values of tc, for µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass MSc .
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Fig. 32. a) fSc at LO as function of τ for tc = 32 GeV
2, for µ = 4.5 GeV, for values of the running
mc(mc) = 1.26 GeV and pole mass Mc = 1.47 GeV. We use the QCD parameters in Tables 2 and 3; b)
The same as a) but for the mass MSc .
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Fig. 33. a) fSc as function of τ for a given value of tc = 32 GeV
2, for µ = 4.5 GeV, for different
truncation of the PT series and for the QCD parameters in Tables 2 and 3; b) The same as a) but for
the mass MSc .
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Fig. 34. a) Renormalization group invariant coupling fˆSc at NLO as function of µ, for the corre-
sponding τ -stability region, for tc ' 32 GeV2 and for the QCD parameters in Tables 2 and 3; b) The
same as a) but for the mass MSc .
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9.3. Coupling and mass of the Sb(0
+) four-quark state
We extend the analysis to the b-quark sector. The related curves are very similar
to the ones of the Sc and B¯B molecules and will not be reported here. The results
are summarized in Tables 10 and 14. At N2LO, the corresponding set of parameters
are:
τ ' (0.13− 0.14) GeV−2, tc ' (160− 190) GeV2 and µ ' 5.5 GeV, (27)
9.4. Couplings and masses of the Ac,b(1
+) four-quark states
The study of the couplings and masses of the axial-vector Ac,b(1
+) four-quark states
presents analogous features as the ones of the Sc,b(0
+) four-quark states. The re-
sults are summarized in Tables 9, 10, 13 and 14. At N2LO, the corresponding set of
parameters are:
τ ' (0.3− 0.4) GeV−2, tc ' (23− 32) GeV2 and µ ' 4.5 GeV, (28)
for the c-quark channel and:
τ ' (0.11− 0.14) GeV−2, tc ' (140− 170) GeV2 and µ ' 5.5 GeV, (29)
for the b-quark channel.
9.5. Coupling and mass of the pic(0
−) four-quark state
Like in the previous cases, we study the coupling and mass of the pseudoscalar
pic(0
−) four-quark state which we show in Figs. 35 to 40. The results are summarized
in Tables 9 and 13. At N2LO, the corresponding set of parameters are:
τ ' (0.15− 0.22) GeV−2, tc ' (42− 48) GeV2 and µ ' 4.5 GeV, (30)
for the c-quark channel.
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Fig. 35. a) fpic at LO as function of τ for different values of tc, for µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass Mpic .
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Fig. 36. a) fpic at NLO as function of τ for different values of tc, for µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass Mpic .
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Fig. 37. a) fpic at N2LO as function of τ for different values of tc, for µ = 4.5 GeV and for the QCD
parameters in Tables 2 and 3; b) The same as a) but for the mass Mpic .
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Fig. 38. a) fpic at LO as function of τ for tc = 42 GeV
2, for µ = 4.5 GeV, for values of the running
mc(mc) = 1.26 GeV and pole mass Mc = 1.47 GeV. We use the QCD parameters in Tables 2 and 3; b)
The same as a) but for the mass Mpic .
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Fig. 39. a) fpic as function of τ for a given value of tc = 42 GeV
2, for µ = 4.5 GeV, for different
truncation of the PT series and for the QCD parameters in Tables 2 and 3; b) The same as a) but for
the mass Mpic .
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Fig. 40. a) Renormalization group invariant coupling fˆpic at NLO as function of µ, for the corre-
sponding τ -stability region, for tc ' 42 GeV2 and for the QCD parameters in Tables 2 and 3; b) The
same as a) but for the mass Mpic .
9.6. Coupling and mass of the pib(0
−) four-quark state
We extend the analysis to the b-quark sector. The results are summarized in Ta-
bles 10 and 14. At N2LO, it corresponds to the set of parameters:
τ ' (0.05− 0.09) GeV−2, tc ' (180− 220) GeV2 and µ ' 6 GeV, (31)
for the b-quark channel.
9.7. Couplings and masses of the Vc,b(1
−) four-quark state
Like in the previous cases, we study the coupling and mass of the vector Vc(1
−)
four-quark state. The results are summarized in Tables 9, 10, 13 and 14. At N2LO,
it corresponds to the set of parameters:
τ ' (0.15− 0.20) GeV−2, tc ' (42− 48) GeV2 and µ ' 4.5 GeV, (32)
for the c-quark channel and:
τ ' (0.06− 0.09) GeV−2, tc ' (170− 200) GeV2 and µ ' 5.5 GeV, (33)
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for the b-quark channel.
Table 5. Different sources of errors for the estimate of the 0++ and 1++ D¯D-like molecule masses
(in units of MeV) and couplings fMM (µ) (in units of keV).
Inputs [GeV ]d ∆MDD∆fDD∆MD∗D∗∆fD∗D∗∆MD∗D∆fD∗D∆MD∗0D1 ∆fD∗0D1 ∆MD∗0D∗0 ∆fD∗0D∗0
LSR parameters
(tc, τ) 6 7.9 17.4 9.4 3.4 7.6 12.2 2.6 0.67 3.5
µ = (4.5± 0.5) 23 0.32 22.5 3.1 26 2.5 20.5 0.2 2.0 2.0
QCD inputs
m¯c 10.48 4.43 7.44 7.12 10.28 4.05 4.78 2.18 7.78 2.30
αs 11.66 3.56 11.46 5.83 11.74 3.36 16.32 1.36 14.10 1.24
N3LO 0.0 0.35 0.0 0.99 0.0 0.07 0.0 8.67 0.00 11.16
〈q¯q〉 6.83 1.94 5.05 1.73 7.89 1.63 12.5 3.8 6.63 4.69
〈αsG2〉 1.65 0.63 1.23 0.76 0.21 0.04 0.63 0.1 0.05 1.74
M20 5.64 0.16 4.08 2.36 5.84 1.18 16.09 1.69 13.68 0.23
〈q¯q〉2 3.0 10.4 2.0 25 9.5 10.5 23.5 11.4 6.3 16.5
〈g3G3〉 0.07 0.1 0.11 0.22 0.03 0.07 0.04 0.13 0.51 0.16
d ≥ 8 19.0 2.1 176 37 52 9.0 158.5 5.6 47 7.5
Total errors 35.5 14.55 178.95 46.77 61.82 16.94 164.16 16.35 53.70 22.39
Table 6. Different sources of errors for the estimate of the 0++ and 1++ B¯B-like molecule masses
(in units of MeV) and couplings fMM (µ) (in units of keV).
Inputs [GeV ]d ∆MB¯B∆fB¯B∆MB∗B∗ ∆fB∗B∗ ∆MB∗B∆fB∗B∆MB∗0B1 ∆fB∗0B1 ∆MB∗0B∗0 ∆fB∗0B∗0
LSR parameters
(tc, τ) 54 1.6 102 5.3 44 5.3 122 0.2 0.50 0.16
µ = (6.0± 0.5) 5 2.01 7 0.01 71 0.3 43 0.04 3.0 0.5
QCD inputs
m¯b 2.08 0.08 2.10 0.15 2.85 0.08 1.66 0.08 2.07 0.05
αs 10.51 0.28 11.01 0.49 12.68 0.31 15.16 0.25 16.30 0.19
N3LO 0.0 0.12 0.0 0.22 0.02 0.14 0.01 1.13 0.00 1.11
〈q¯q〉 4.24 0.20 2.85 0.21 8.43 0.12 4.05 0.41 3.55 0.23
〈αsG2〉 0.50 0.02 0.37 0.02 0.03 0.0 0.03 0.0 1.43 0.02
M20 1.0 1.1 37.0 0.14 58 0.13 20.0 0.20 11.07 0.15
〈q¯q〉2 16.0 1.64 8.0 0.92 22.9 1.15 9.5 1.88 1.95 1.58
〈g3G3〉 0.02 0.0 0.03 0.0 0.0 0.0 0.04 0.0 0.01 0.0
d ≥ 8 1.0 1.17 37.0 0.07 107 0.07 0.05 0.01 111 3
Total errors 57.72 3.46 115.71 5.41 150.18 5.44 132.18 2.26 112.88 3.62
10. Confrontation with the data and some LO results
10.1. Axial-vector (1++) states
As mentioned in the introduction, there are several observed states in this channel.
In addition to the well-established Xc(3872), we have the Xc(4147, 4273) and the
Zc(3900, 4025, 4050, 4430).
For the non-strange states found from their decays into J/ψpi+pi−, one can
conclude, from the results given in Tables 11 and 13, that theXc(3872) and Zc(3900)
can be well described with an almost pure D¯∗D molecule or/and four quark [cqc¯q¯]
states, (q ≡ u, d) while the one of the Zc(4200, 4430) might be a D¯∗0D1 molecule
state. Our results for the Xc(3872) confirm our previous LO results in .
69–71
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Table 7. Different sources of errors for the estimate of the 0−± and 1−− D¯D-like molecule masses
(in units of MeV) and couplings fMM (µ) (in units of keV). The errors for the 1
−+ D¯∗0D
∗ and D¯D1
states are similar to the 1−− case except for the 〈q¯q〉 and 〈αsG2〉 condensates where they are equal
to zero in the latter.
Inputs [GeV ]d ∆MD∗0D ∆fD∗0D ∆MD∗D1 ∆fD∗D1 ∆MD∗0D∗ ∆fD∗0D∗ ∆MDD1 ∆fDD1
LSR parameters
(tc, τ) 115 15.86 88.6 25.3 83.41 11.44 150 18.70
µ = (4.5± 0.5) 7.00 3.96 7.00 9.54 3.83 3.34 8.25 3.50
QCD inputs
m¯c 14.62 5.19 15.15 10.98 14.79 5.08 13.71 4.62
αs 3.92 2.20 4.02 4.78 4.77 2.19 4.58 2.09
N3LO 2.88 4.47 2.36 20.92 2.40 10.87 2.14 6.04
〈q¯q〉 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
〈αsG2〉 9.33 1.56 2.75 1.00 1.42 0.18 0.00 0.00
M20 0.00 0.00 0.00 0.00 0.00 0.00 9.54 1.14
〈q¯q〉2 68.93 4.85 72.09 9.99 53.78 3.22 56.43 3.16
〈g3G3〉 0.85 0.11 0.95 0.24 0.81 0.10 0.75 0.10
d ≥ 8 36.0 4.00 80.70 6.70 6.92 0.31 8.0 0.8
Total errors 140.17 19.00 140.94 37.70 100.81 17.36 161.62 11.63
Table 8. Different sources of errors for the estimate of the 0−± and 1−− B¯B-like molecule masses
(in units of MeV) and couplings fMM (µ) (in units of keV). The errors for the 1
−+ B¯∗0B
∗ and B¯B1
are very similar to the ones of the 1−− states except for 〈q¯q〉 and 〈αsG2〉 which are zero here.
Inputs [GeV ]d ∆MB∗0B ∆fB∗0B ∆MB∗B1 ∆fB∗B1 ∆MB∗0B∗ ∆fB∗0B∗ ∆MBB1 ∆fBB1
LSR parameters
(tc, τ) 254.25 8.66 213.75 14.97 260.85 9.17 249 10.57
µ = (5.5± 0.5) 8.50 1.11 8.00 2.17 8.25 1.11 8.5 1.0
QCD inputs
m¯b 1.59 0.19 1.49 0.36 1.45 0.18 1.60 0.19
αs 3.35 0.52 3.22 1.00 3.24 0.49 3.40 0.56
N3LO 2.60 4.79 1.97 6.98 1.96 4.74 2.23 4.23
〈q¯q〉 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
〈αsG2〉 1.47 0.055 0.63 0.051 0.055 0.00 0.00 0.00
M20 0.00 0.00 0.00 0.00 0.00 0.00 1.95 0.050
〈q¯q〉2 49.32 0.65 44.05 1.15 39.12 0.50 49.32 0.63
〈g3G3〉 0.035 0.00 0.04 0.002 0.031 0.00 0.04 0.00
d ≥ 8 22.00 0.79 53.40 8.60 32.0 1.77 39.0 2.0
Total errors 260.11 10.04 224.86 18.81 265.86 10.56 257.0 11.64
Assuming that the value of
√
tc ≈ (6− 7) GeV, where the optimal values of the
masses have been extracted, are approximately the mass of the 1st radial excitation,
one can deduce that the higher masses experimental states cannot be such radial
excitations.
In the bottom sector, experimental checks of our predictions given in Tables 12
and 14are required.
One can notice that the values of these masses below the corresponding D¯D, B¯B-
like thresholds are much lower than the ones predicted ' 5.12 (resp 11.32) GeV for
the 1++ c¯gc (resp. b¯gb) hybrid mesons .96,202–205
10.2. Scalar (0++) states
Our analysis in Tables 11 and 13 predicts that:
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Table 9. Different sources of errors for the estimate of the four-quark [cqc¯q¯] (pseudo)scalar Sc(pic)
and (axial) vector Vc(Ac) states, masses (in units of MeV) and couplings f(µ) (in units of keV);
q ≡ u, d.
Inputs [GeV ]d ∆MSc ∆fSc ∆MAc ∆fAc ∆Mpic ∆fpic ∆MVc ∆fVc
LSR parameters
(tc, τ) 0.2 9.3 0.23 9.31 101.3 5.66 90.01 14.00
µ = (4.5± 0.5) 0.94 8.12 26.86 8.33 7.7 4.35 6.31 4.24
QCD inputs
m¯c 10.22 4.97 10.04 4.61 15.46 6.25 14.59 5.69
αs 11.75 4.05 11.73 3.85 4.01 2.60 3.34 2.28
N3LO 0.00 0.41 0.38 0.72 3.55 4.56 2.89 8.61
〈q¯q〉 7.58 1.96 8.10 1.77 0.0 0.0 0.13 0.19
〈αsG2〉 0.52 0.35 0.50 0.048 3.73 0.66 0.84 0.21
M20 6.27 1.39 6.12 1.91 0.0 0.0 6.66 0.84
〈q¯q〉2 1.4 14.62 93.94 14.87 73.37 6.09 71.97 5.50
〈g3G3〉 0.03 0.09 0.03 0.09 0.92 0.14 0.82 0.12
d ≥ 8 5.60 0.07 83.0 22.0 10.0 1.0 37.0 3.0
Total errors 54.25 20.34 129.53 30.08 126.83 12.50 122.35 19.13
Table 10. Different sources of errors for the estimate of the four-quark [bqb¯q¯] (pseudo)scalar Sb(pib)
and (axial) vector Vb(Ab) states, masses (in units of MeV) and couplings f(µ) (in units of keV);
q ≡ u, d.
Inputs [GeV ]d ∆MSb ∆fSb ∆MAb ∆fAb ∆Mpib ∆fpib ∆MVb ∆fVb
LSR parameters
(tc, τ) 0.10 0.14 8.9 0.87 235 9 213.6 7.60
µ = (5.5± 0.5) 2.9 1.0 43.65 0.99 9.0 1.65 7.75 1.28
QCD inputs
m¯b 2.85 0.09 2.59 0.091 2.01 0.29 1.47 0.21
αs 13.20 0.35 12.30 0.35 4.06 0.79 3.12 0.56
N3LO 0.00 0.13 0.30 0.00 4.54 3.88 1.10 3.94
〈q¯q〉 7.39 0.15 7.33 0.16 0.0 0.0 0.18 0.022
〈αsG2〉 0.10 0.005 0.12 0.0035 0.54 0.02 0.29 0.014
M20 7.02 0.16 7.46 0.17 0.0 0.0 1.23 0.036
〈q¯q〉2 1.2 1.47 112.82 1.42 69.01 1.24 43.77 0.66
〈g3G3〉 0.002 0.0 0.0035 0.001 0.05 0.002 0.032 0.001
d ≥ 8 108 3 120.4 2.3 68.0 3.35 105.0 1.5
Total errors 109.37 3.52 171.68 3.03 254.43 10.60 242.16 8.83
The 0++ D¯D, D¯∗D∗ molecule and four-quark non-strange states are almost de-
generated with the 1++ ones and have masses around 3900 MeV. This prediction
is comparable with the Zc(3900) quoted by PDG
7 as a 0++ state.
The predicted mass of the D¯∗0D
∗
0 molecule is higher [4402(30) MeV] but is still
below the D¯∗0D
∗
0 threshold.
10.3. Vector (1−±) states
Our predictions in Tables 11 to 14 for molecules and four-quark vector states in the
range of (5646-5961) MeV are too high compared with the observed Yc(4140) to
Yc(4660) states. Our N2LO results confirm previous LO ones in
72,73,115 but do not
support the result in 45 which are too low.
Our results indicate that the observed states might result from a mixing of the
molecule / four-quark with ordinary quarkonia-states (if the description of these
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Table 11. D¯D-like molecules masses, invariant and running couplings from LSR within stability
criteria at LO to N2LO of PT. The errors are the quadratic sum of the ones in Tables 5 and 7.
Nature fˆX [keV] fX(4.5) [keV] Mass [MeV] Threshold Exp.
LO NLO N2LO LO NLO N2LO LO NLO N2LO
JPC = 0++ –
D¯D 56 60 62(6) 155 164 170(15) 3901 3901 3898(36) 3739
D¯∗D∗ – – – 269 288 302(47) 3901 3903 3903(179) 4020
D∗0D
∗
0 27 42 50(8) 74 116 136(22) 4405 4402 4398(54) 4636
JPC = 1+± Xc, Zc
D¯∗D 87 93 97(10) 146 154 161(17) 3901 3901 3903(62) 3880
D¯∗0D1 48 71 83(10) 81 118 137(16) 4394 4395 4401(164) 4739
JPC = 0−± –
D¯∗0D 68 88 94(7) 190 240 257(19) 5956 5800 5690(140) 4188
D¯∗D1 – – – 382 490 564( 38) 6039 5898 5797(141) 4432
JPC = 1−− Yc
D¯∗0D
∗ 112 143 157(10) 186 238 261(17) 6020 5861 5748(101) 4328
D¯D1 98 126 139(13) 164 209 231(21) 5769 5639 5544(162) 4291
JPC = 1−+ Yc
D¯∗0D
∗ 105 135 150(13) 174 224 249(22) 6047 5920 5828(132) 4328
D¯D1 97 128 145(15) 162 213 241(25) 5973 5840 5748 (179)
Table 12. B¯B-like molecules masses, invariant and running couplings from LSR within stability
criteria from LO to N2LO of PT. The errors are the quadratic sum of the ones in Tables 6 and 8.
Nature fˆX [keV] fX(5.5) [keV] Mass [MeV] Threshold Exp.
LO NLO N2LO LO NLO N2LO LO NLO N2LO
JPC = 0++ –
B¯B 4.0 4.4 5(1) 14.4 15.6 17(4) 10605 10598 10595(58) 10559
B¯∗B∗ – – – 27 30 32(5) 10626 10646 10647(184) 10650
B∗0B
∗
0 2.1 3.2 4(1) 7.7 11.3 14(4) 10653 10649 10648(113) –
JPC = 1+± Xb, Zb
B¯∗B 7 8 9(3) 14 16 17(5) 10680 10673 10646(150) 10605
B¯∗0B1 4 6 7(1) 8 11 14(2) 10670 10679 10692(132) –
JPC = 0−± –
B¯∗0B 11 16 20(3) 39 55 67(10) 12930 12737 12562(260) –
B¯∗B1 – – – 71 105 136(19) 12967 12794 12627(225) 11046
JPC = 1−− Yb
B¯∗0B
∗ 21 29 35(6) 39 54 66(11) 12936 12756 12592(266) –
B¯B1 21 29 35(7) 39 54 65(12) 12913 12734 12573(257) 11000
JPC = 1−+ Yb
B¯∗0B
∗ 20 29 34(4) 38 54 64(8) 12942 12774 12617(220) –
B¯B1 20 29 35(5) 37 53 65(9) 12974 12790 12630(236) 11000
states in terms of molecules and/or four-quark states are the correct one). The NP
contribution to this kind of mixing has been estimated to leading order in .119 The
same conclusion holds for the Yb(9898, 10260, 10870) where the predicted unmixed
molecule / four-quark states are in the range (12326-12829) MeV.
As these pure molecule states are well above the physical threshold, they might
not be bound states and could not be separated from backgrounds. Our results go
in lines with the ones of .208
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Table 13. Four-quark masses, invariant and running couplings from LSR within stability criteria
from LO to N2LO of PT. The errors are the quadratic sum of the ones in Tables 5 and 7.
Nature fˆX [keV] fX(4.5) [keV] Mass [MeV] Exp.
LO NLO N2LO LO NLO N2LO LO NLO N2LO
c-quark
Sc(0
+) 62 67 70(7) 173 184 191(20) 3902 3901 3898(54) –
Ac(1
+) 100 106 112(18) 166 176 184(30) 3903 3890 3888(130) Xc, Zc
pic(0
−) 84 106 113(5) 233 292 310(13) 6048 5872 5750(127) –
Vc(1
−) 123 162 178(11) 205 268 296(19) 6062 5904 5793(122) Yc
Table 14. Four-quark masses, invariant and running couplings from LSR within stability criteria
from LO to N2LO of PT. The errors are the quadratic sum of the ones in Tables 5 and 7.
Nature fˆX [keV] fX(5.5) [keV] Mass [MeV] Exp.
LO NLO N2LO LO NLO N2LO LO NLO N2LO
b-quark
Sb(0
+) 4.6 5.0 5.3(1.1) 16 17 19(4) 10652 10653 10654(109) –
Ab(1
+) 8.7 9.5 10(2) 16 18 19(3) 10730 10701 10680(172) Zb
pib(0
−) 18 23 27(3) 62 83 94(11) 13186 12920 12695(254) –
Vb(1
−) 24 33 40(5) 45 62 75(9) 12951 12770 12610(242) Yb
10.4. Pseudoscalar (0−±) states
One expects from Tables 11 to 14 that the 0−± molecules will populate the region
5656-6020 (resp 12379-12827) MeV for the charm (resp bottom) channels like in the
case of the 1−± vector states. One can notice that these states are much heavier
than the predicted 0− hybrid c¯gc (resp. b¯gb) ones ' 3.82 (resp. ' 10.64) GeV from
QSSR .96,203–205,209 Like in the case of vector states, these pseudoscalar states are
well above the physical threshold. Therefore, these molecule states should be broad
and are difficult to separate from backgrounds.
One can also notice that the D∗0D(0
−−) and (0−+) states are almost degener-
ate despite the opposite signs of the 〈q¯q〉 and 〈q¯Gq〉 contributions to the spectral
functions in the two channels (see Appendix A.6).
10.5. Isospin breakings and almost degenerate states
In our approach, isospin breakings are controlled by the running light quark mass
m¯d−m¯u and condensate 〈u¯u−d¯d〉 differences which are tiny quantities. Their effects
are hardly noticeable within the accuracy of our approach. Therefore, one expects
that the molecules built from the neutral combination of currents which we have
taken in Table 1 and from the corresponding charged currents will be degenerate in
masses because their QCD expressions are the same in the chiral limit.
10.6. Radial excitations
If one considers the value of the continuum threshold tc, at which the optimal
value of the ground state is obtained, as an approximate value of the mass of the
1st radial excitation, one expects that the radial excitations are in the region of
about 0.4 to 1.6 GeV above the ground state mass. A more accurate prediction can
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be obtained by combining LSR with Finite Energy Sum Rule (FESR) 69,70,72,73
where the mass-splitting is expected to be around 250-300 MeV at LO. Among
these different observed states, the Zc(4430) and Xc(4506, 4704) could eventually
be considered as radial excitation candidates.
11. Quark Mass Behaviour of the Decay Constants
The couplings or decay constants given in Tables 11 to 14 are normalized in Eq. 11
in the same way as fpi = 130.4(2) MeV through its coupling to the pseudoscalar
current : 〈0|(mu +md)u¯(iγ5)d|pi〉 = fpim2piφpi(x), where φpi(x) is the pion field.
One can find from Table 11 that fDD ' 170(15) keV which is about 10−3 of fpi
and of fB ' fD ' 206(7) MeV .159,160,164,165,168–170 The same observation holds
for the other molecule and four-quark states indicating the weak coupling of these
states to the associated interpolating currents.
Comparing the size of the couplings in the c and b quark channels in Tables 11
to 14, one can observe that the ratio decreases by a factor about 10 from the c to
the b channels for the 0++ and 1++ states which is about the value of the ratio
(m¯c/m¯b)
3/2, while it decreases but about a factor 4 for the 0−− and 1−− states
which is about the value (m¯c/m¯b). These behaviours can be compared with the
well-known one of fB ∼ 1/m¯1/2b from HQET and can motivate further theoretical
studies of the molecule and four-quark couplings.
12. Summary and Conclusions
We have systematically revisited in this paper the LO estimate of the molecule and
four-quark state masses and couplings using QCD Laplace sum rule (LSR) at N2LO
of PT and including the non-perturbative (NP) contributions of condensates having
dimension d ≤ 6-8.
T
¯
he different PT and NP QCD expressions at LO of the spectral functions
corresponding to the interpolating currents given in Tables 1 and 4 used in the
analysis are given in integrated compact forms in the Appendices. They are new
and more suitable for a phenomenological analysis than the non-integrated forms
given in the existing literature.
D
¯
ue to the technical difficulties for evaluating directly the PT (αs)
n corrections,
we have assumed the factorization of the four-quark spectral function into the con-
volution of two spectral functions built from bilinear currents. We have tested the
accuracy of this assumption in Section 4 leading to the conclusions that it can
provide an accurate determination of the hadron masses and decay constants. We
expect that, within this assumption, one can reproduce with a good accuracy the
full radiative corrections. Indeed, it has been shown in 153 that non-factorizable αs
corrections give small contribution of the order of 10% of the full αs one, while it is
also known 95,96 that radiative corrections partially cancel in the ratio of LSR used
to extract the mass of the resonance (Eq. 15) within the minimal duality ansatz
approximation (MDA) for parametrizing the spectral function.
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O
¯
ur results show that radiative corrections are relatively smaller for the masses
than for the couplings which can explain the agreement of our results for the masses
with the LO ones given in the literature. However, radiative corrections to some
couplings are large which may invalidate some results on the hadronic widths from
vertex sum rules where LO value of the decay constants have been used.
O
¯
ur analysis has been done within stability criteria with respect to the LSR
variable τ , the QCD continuum threshold tc and the subtraction constant µ
which have provided successful predictions in different hadronic channels (see e.g.
95,96 159,160,164,165,168–170). The optimal values of the masses and couplings have
been extracted at the same value of these parameters where the stability appears as
an extremum and/or inflexion points. The analysis is shown in details in different
Sections for transparency such that the readers can appreciate and check explicitly
the procedure used for extracting the results.
W
¯
e have also studied the effects of the choice of the value of the quark masses
which definitions (running or pole) are ambiguous at LO. The effects are often large
for the coupling as one can inspect in the different figures given in previous Sections.
The additional error induced by this ad hoc choice is always bypassed by different
authors.
W
¯
e have estimated the error due to higher order PT given in Tables 7 to 10 by an
estimate of the N3LO contribution based on a geometric growth of the numerical
coefficients of the ans terms following the works in .
130,147–150 We can see in the
estimate given for each truncation of the PT series from LO to N2LO given in
Tables 11 to 14 the good convergence of the PT series.
T
¯
he error due to the high dimension condensates comes from the 〈q¯q〉〈q¯Gq〉
condensates (part of the full d = 8 condensate contributions) where we have assumed
the same violation of factorization as that of the 〈q¯q〉2 dimension-six condensates.
One can deduce from Tables 7 to 10 a good convergence of the OPE. Due to the
inaccurate control of the size and contributions of high-dimension condensates, we
refrain to include these contributions in our estimate but only consider them as a
source of the errors.
T
¯
he results for the XYZ-like spectra are summarized in Tables 11 to 14, where
one can observe that the N2LO predictions for the masses differ only slightly from
the LO ones when the value of the running mass is used for the latter. However,
the size of the meson couplings is strongly affected by the radiative corrections in
some channels which consequently may modify the existing estimates of the meson
hadronic widths based on vertex functions.
O
¯
ne can notice that the masses of the JP = 1+, 0+ states are most of them
below the corresponding D¯D, B¯B-like thresholds and are compatible with some of
the observed XZ masses suggesting that these states can be interpreted as almost
pure molecules or/and four-quark states.
O
¯
n the contrary, one also notes that the predictions for the JP = 1−, 0− states
are about 1.5 GeV higher than the observed Yc mesons masses and (1.7-2.6) GeV
higher than the observed Yb ones. Our results do not favour their interpretation as
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pure molecule or/and four-quark states. These theoretical predictions are far above
the corresponding hadronic threshold which suggest that they might not be bound
states and are difficult to separate from backgrounds, results in line with the ones
of .208
A
¯
confrontation of our results with the observed XY Z states are done in details
in Section 10.
F
¯
inally, we observe that, normalized to fpi = 130 MeV, the D¯D, B¯B-like
molecule and four-quark states couple weakly to the associated interpolating cur-
rents than ordinary D,B mesons (fDD ≈ 10−3fD). Our numerical results also in-
dicate that the corresponding decay constants may behave as 1/m¯
3/2
b (resp. 1/m¯b)
for the 1+, 0+ (resp. 1−, 0−) states compared to the usual 1/m¯1/2b behaviour of fB .
These results can stimulate further theoretical studies of the molecule and four-
quark state decay constants.
Appendix A. Molecule Spectral Functions in QCD
They are defined from Eq. 2 as: 1pi ImΠ
(1)
mol(t) for spin 1 particles and
1
pi Imψ
(s,p)
mol (t)
from Eq. 3 for spin 0 ones. In the following, we shall use the notations and definitions:
Q ≡ c, b , x = M2Q/t , v =
√
1− 4x ,
Lv = Log (1+v)(1−v) , L+ = Li2
(
1+v
2
)− Li2 ( 1−v2 ) .
Appendix A.1. (0++) D¯D, B¯B Molecules
pert :
M8Q
5 · 214 pi6
[
v
(
480 +
1460
x
− 274
x2
− 38
x3
+
1
x4
)
+120Lv
(
8x− 1− 6 Log(x)− 8
x
+
2
x2
)
− 1440L+
]
〈q¯q〉 :
M5Q〈q¯q〉
27 pi4
[
v
(
6− 5
x
− 1
x2
)
+ 6Lv
(
2x− 2 + 1
x
)]
〈G2〉 : −
M4Q〈g2sG2〉
3 · 211 pi6
[
v
(
6− 5
x
− 1
x2
)
+ 6Lv
(
2x− 2 + 1
x
)]
〈q¯Gq〉 : −
3M3Q〈q¯Gq〉
27 pi4
[
v
(
1− 3
x
)
+ Lv
(
2x+ 1 +
1
x
)]
〈q¯q〉2 :
M2Q ρ〈q¯q〉2 v
24 pi2
〈G3〉 :
M2Q〈g3sG3〉
3 · 214 pi6
[
v
(
6− 25
x
+
1
x2
)
+ 6Lv
(
2x+ 2 +
1
x
)]
〈q¯q〉〈q¯Gq〉 : −〈q¯q〉〈q¯Gq〉
25 pi2
v
[
1−
M2Qτ
x
(1−M2Qτ)
]
(A.1)
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Appendix A.2. (0++) D¯∗D∗, B¯∗B∗ Molecules
pert :
M8Q
5 · 212 pi6
[
v
(
480 +
1460
x
− 274
x2
− 38
x3
+
1
x4
)
+120Lv
(
8x− 1− 6 Log(x)− 8
x
+
2
x2
)
− 1440L+
]
〈q¯q〉 :
M5Q〈q¯q〉
26 pi4
[
v
(
6− 5
x
− 1
x2
)
+ 6Lv
(
2x− 2 + 1
x
)]
〈G2〉 :
M4Q〈g2sG2〉
3 · 210 pi6
[
v
(
6− 5
x
− 1
x2
)
+ 6Lv
(
2x− 2 + 1
x
)]
〈q¯Gq〉 :
3M3Q〈q¯Gq〉
27 pi4
[
v
x
− 2Lv
]
〈q¯q〉2 :
M2Q ρ〈q¯q〉2 v
4 pi2
〈G3〉 :
M2Q〈g3sG3〉
3 · 212 pi6
[
v
(
6− 25
x
+
1
x2
)
+ 6Lv
(
2x+ 2 +
1
x
)]
〈q¯q〉〈q¯Gq〉 : −〈q¯q〉〈q¯Gq〉 v
8 pi2
M4Qτ
2
x
(A.2)
Appendix A.3. (0++) D¯∗0D
∗
0, B¯
∗
0B
∗
0 Molecules
pert :
M8Q
5 · 214 pi6
[
v
(
480 +
1460
x
− 274
x2
− 38
x3
+
1
x4
)
+120Lv
(
8x− 1− 6 Log(x)− 8
x
+
2
x2
)
− 1440L+
]
〈q¯q〉 : −
M5Q〈q¯q〉
27 pi4
[
v
(
6− 5
x
− 1
x2
)
+ 6Lv
(
2x− 2 + 1
x
)]
〈G2〉 : −
M4Q〈g2sG2〉
3 · 211 pi6
[
v
(
6− 5
x
− 1
x2
)
+ 6Lv
(
2x− 2 + 1
x
)]
〈q¯Gq〉 :
3M3Q〈q¯Gq〉
27 pi4
[
v
(
1− 3
x
)
+ Lv
(
2x+ 1 +
1
x
)]
〈q¯q〉2 :
M2Q ρ〈q¯q〉2 v
24 pi2
〈G3〉 :
M2Q〈g3sG3〉
3 · 214 pi6
[
v
(
6− 25
x
+
1
x2
)
+ 6Lv
(
2x+ 2 +
1
x
)]
〈q¯q〉〈q¯Gq〉 : −〈q¯q〉〈q¯Gq〉
25 pi2
v
[
1−
M2Qτ
x
(1−M2Qτ)
]
, (A.3)
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Appendix A.4. (1+±) D¯∗D, B¯∗B Molecules
The QCD spectral functions of the 1++ and 1+− states are the same.
pert :
M8Q
5 · 3 · 215 pi6
[
v
(
840x+ 140 +
5248
x
− 1164
x2
− 182
x3
+
5
x4
)
+120Lv
(
14x2 + 15− 18 Log(x)− 32
x
+
9
x2
)
− 4320L+
]
〈q¯q〉 :
M5Q〈q¯q〉
3 · 210 pi4
[
v
(
60x+ 82− 94
x
− 21
x2
)
+ 24Lv
(
5x2 + 6x− 9 + 5
x
)]
〈G2〉 : −
M4Q〈g2sG2〉
32 · 214 pi6
[
v
(
60x− 62 + 26
x
+
3
x2
)
+ 24Lv
(
5x2 − 6x+ 3− 1
x
)]
〈q¯Gq〉 : −
M3Q〈q¯Gq〉
3 · 210 pi4
[
v
(
66x+ 11− 86
x
)
+ 6Lv
(
22x2 + 9 +
4
x
)]
〈q¯q〉2 :
M2Q ρ〈q¯q〉2v
16pi2
〈G3〉 :
M2Q〈g3sG3〉
32 · 216 pi6
[
v
(
132x+ 22− 190
x
+
9
x2
)
+ 24Lv
(
11x2 + 3 +
2
x
)]
〈q¯q〉〈q¯Gq〉 : −〈q¯q〉〈q¯Gq〉
26 pi2
v
[
1−
M2Qτ
x
(
1− 2M2Qτ
)]
(A.4)
Appendix A.5. (1+±) D¯∗0D1, B¯
∗
0B1 Molecules
The QCD spectral functions of the 1++ and 1+− states are the same.
pert :
M8Q
5 · 3 · 215 pi6
[
v
(
840x+ 140 +
5248
x
− 1164
x2
− 182
x3
+
5
x4
)
+120Lv
(
14x2 + 15− 18 Log(x)− 32
x
+
9
x2
)
− 4320L+
]
〈q¯q〉 : −
M5Q〈q¯q〉
3 · 210 pi4
[
v
(
60x+ 82− 94
x
− 21
x2
)
+ 24Lv
(
5x2 + 6x− 9 + 5
x
)]
〈G2〉 : −
M4Q〈g2sG2〉
32 · 214 pi6
[
v
(
60x− 62 + 26
x
+
3
x2
)
+ 24Lv
(
5x2 − 6x+ 3− 1
x
)]
〈q¯Gq〉 :
M3Q〈q¯Gq〉
3 · 210 pi4
[
v
(
66x+ 11− 86
x
)
+ 6Lv
(
22x2 + 9 +
4
x
)]
〈q¯q〉2 :
M2Q ρ〈q¯q〉2v
16pi2
〈G3〉 :
M2Q〈g3sG3〉
32 · 216 pi6
[
v
(
132x+ 22− 190
x
+
9
x2
)
+ 24Lv
(
11x2 + 3 +
2
x
)]
〈q¯q〉〈q¯Gq〉 : −〈q¯q〉〈q¯Gq〉
26 pi2
v
[
1−
M2Qτ
x
(
1− 2M2Qτ
)]
(A.5)
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Appendix A.6. (0−±) D¯∗0D, B¯
∗
0B Molecules
The QCD spectral functions of the 0−− and 0−+ states are the same.
pert :
M8Q
5 · 214 pi6
[
v
(
480 +
1460
x
− 274
x2
− 38
x3
+
1
x4
)
+120Lv
(
8x− 1− 6 Log(x)− 8
x
+
2
x2
)
− 1440L+
]
〈q¯q〉 : 0
〈G2〉 : −
M4Q〈g2sG2〉
3 · 211 pi6
[
v
(
6− 5
x
− 1
x2
)
+ 6Lv
(
2x− 2 + 1
x
)]
〈q¯Gq〉 : 0
〈q¯q〉2 : −
M2Q ρ〈q¯q〉2 v
16 pi2
〈G3〉 :
M2Q〈g3sG3〉
3 · 214 pi6
[
v
(
6− 25
x
+
1
x2
)
+ 6Lv
(
2x+ 2 +
1
x
)]
〈q¯q〉〈q¯Gq〉 : 〈q¯q〉〈q¯Gq〉
25 pi2
v
[
1−
M2Qτ
x
(1−M2Qτ)
]
. (A.6)
Appendix A.7. (0−±) D¯∗D1, B¯∗B1 Molecules
The QCD spectral functions of the 0−− and 0−+ states are the same.
pert :
M8Q
5 212pi6
[
v
(
480 +
1460
x
− 274
x2
− 38
x3
+
1
x4
)
+120Lv
(
8x− 1− 6Log(x)− 8
x
+
2
x2
)
− 1440L+
]
,
〈q¯q〉 : 0
〈G2〉 :
M4Q
3 210pi6
〈g2sG2〉
[
v
(
6− 5
x
− 1
x2
)
+ 6Lv
(
2x− 2 + 1
x
)]
,
〈q¯Gq〉 : 0
〈q¯q〉2 : −
M2Q
4pi2
ρ 〈q¯q〉2 v,
〈G3〉 :
M2Q
3 212pi6
〈g3sG3〉
[
v
(
6− 25
x
+
1
x2
)
+ 6Lv
(
2x+ 2 +
1
x
)]
,
〈q¯q〉〈q¯Gq〉 : 1
4pi2
〈q¯q〉〈q¯Gq〉x
v
(x+M2Qτ).
(A.7)
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Appendix A.8. (1−−) D¯∗0D
∗, B¯∗0B
∗ Molecules
The factorized expression corresponds to the value  = 0 and the full one to  = 1.
pert :
M8Q
5 · 3 · 215 pi6
[
v
(
840x+ 140 +
5248
x
− 1164
x2
− 182
x3
+
5
x4
)
+120Lv
(
14x2 + 15− 18 Log(x)− 32
x
+
9
x2
)
− 4320L+
]
−
 M8Q
5 · 3 · 214 pi6
[
v
(
420x− 1730− 4966
x
− 477
x2
− 6
x3
)
+60Lv
(
14x2 − 60x− 12 + 12(3 + 1/x) Log(x) + 56
x
+
3
x2
)
+ 1440(3 + 1/x)L+
]
〈q¯q〉 : −
(1− )M5Q〈q¯q〉
3 · 210 pi4
[
v
(
60x− 62 + 26
x
+
3
x2
)
+ 24Lv
(
5x2 − 6x+ 3− 1
x
)]
〈G2〉 : −
(1− )M4Q〈g2sG2〉
32 · 214 pi6
[
v
(
60x− 62 + 26
x
+
3
x2
)
+ 24Lv
(
5x2 − 6x+ 3− 1
x
)]
〈q¯Gq〉 :
M3Q〈q¯Gq〉
3 · 210 pi4
[
v
(
66x+ 11− 50
x
)
+ 6Lv
(
22x2 − 3 + 4
x
)]
−
3 M3Q〈q¯Gq〉
210 pi4
[
3v(2x− 1) + 2Lv(6x2 − 4x+ 1)
]
〈q¯q〉2 : −
M2Q ρ〈q¯q〉2
3 · 26 pi2 v
(
12 + (4− 1/x)
)
〈G3〉 :
M2Q〈g3sG3〉
32 · 216 pi6
[
v
(
132x+ 22− 190
x
+
9
x2
)
+ 24Lv
(
11x2 + 3 +
2
x
)]
−
 M2Q〈g3sG3〉
32 · 216 pi6
[
v
(
204x− 182 + 2
x
+
3
x2
)
+ 24Lv
(
17x2 − 18x+ 9− 1
x
)]
〈q¯q〉〈q¯Gq〉 : 〈q¯q〉〈q¯Gq〉
26 pi2
v
[
1−
M2Qτ
x
(
1− 2M2Qτ
)
− (x+M2Qτ)
]
(A.8)
Appendix A.9. (1−+) D¯∗0D
∗, B¯∗0B
∗ Molecules
pert :
M8Q
5 · 3 · 215 pi6
[
v
(
1680x− 3320− 4684
x
− 2118
x2
− 194
x3
+
5
x4
)
+120Lv
(
28x2 − 60x+ 3 + 6
(
3 +
2
x
)
Log(x) +
24
x
+
12
x2
)
+ 1440
(
3 +
2
x
)
L+
]
〈q¯q〉 : −
M5Q〈q¯q〉
3 · 29 pi4
[
v
(
60x− 62 + 26
x
+
3
x2
)
+ 24Lv
(
5x2 − 6x+ 3− 1
x
)]
〈G2〉 : −
M4Q〈g2sG2〉
32 · 213 pi6
[
v
(
60x− 62 + 26
x
+
3
x2
)
+ 24Lv
(
5x2 − 6x+ 3− 1
x
)]
〈q¯Gq〉 :
M3Q〈q¯Gq〉
3 · 29 pi4
[
v
(
60x− 8− 25
x
)
+ 12Lv
(
10x2 − 3x+ 1
x
)]
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〈q¯q〉2 : −
M2Q ρ〈q¯q〉2
3 · 26 pi2 v
(
8 +
1
x
)
〈G3〉 :
M2Q〈g3sG3〉
32 · 214 pi6
[
v
(
84x− 40− 47
x
+
3
x2
)
+ 6Lv
(
28x2 − 18x+ 12 + 1
x
)]
〈q¯q〉〈q¯Gq〉 : 〈q¯q〉〈q¯Gq〉
26 pi2
v
[
1 + x−
M2Qτ
x
(
1− x− 2M2Qτ
)]
. (A.9)
Note that one also can obtain this expression of the (1−+) D∗0D
∗ molecule by the
choice  = −1 in Eq. A.8 for (1−−) D∗0D∗ molecule.
Appendix A.10. (1−−) D¯D1, B¯B1 Molecules
pert :
M8Q
3 · 215 pi6
[
v
(
720 +
3036
x
− 42
x2
− 34
x3
+
1
x4
)
+24Lv
(
60x+ 27− 6
(
9 +
2
x
)
Log(x)− 88
x
+
6
x2
)
− 288
(
9 +
2
x
)
L+
]
〈q¯q〉 : 0
〈G2〉 : 0
〈q¯Gq〉 : −
M3Q〈q¯Gq〉
3 · 29 pi4
[
v
(
6x+ 19− 25
x
)
+ 6Lv
(
2x2 + 6x− 3 + 2
x
)]
〈q¯q〉2 : −
M2Q ρ〈q¯q〉2
3 · 26 pi2 v
(
16− 1
x
)
〈G3〉 : −
M2Q〈g3sG3〉
3 · 215 pi6
[
v
(
12x− 34 + 32
x
− 1
x2
)
+ 12Lv
(
2x2 − 6x+ 2− 1
x
)]
〈q¯q〉〈q¯Gq〉 : 〈q¯q〉〈q¯Gq〉
26 pi2
v
[
1− x−M2Qτ
(
1 +
1
x
−
2M2Qτ
x
)]
. (A.10)
Appendix A.11. (1−+) D¯D1, B¯B1 Molecules
pert :
M8Q
5 · 3 · 215 pi6
[
v
(
1680x− 3320− 4684
x
− 2118
x2
− 194
x3
+
5
x4
)
(A.11)
+120Lv
(
28x2 − 60x+ 3 + 6
(
3 +
2
x
)
Log(x) +
24
x
+
12
x2
)
+ 1440
(
3 +
2
x
)
L+
]
〈q¯q〉 :
M5Q〈q¯q〉
3 · 29 pi4
[
v
(
60x− 62 + 26
x
+
3
x2
)
+ 24Lv
(
5x2 − 6x+ 3− 1
x
)]
〈G2〉 : −
M4Q〈g2sG2〉
32 · 213 pi6
[
v
(
60x− 62 + 26
x
+
3
x2
)
+ 24Lv
(
5x2 − 6x+ 3− 1
x
)]
〈q¯Gq〉 : −
M3Q〈q¯Gq〉
3 · 29 pi4
[
v
(
60x− 8− 25
x
)
+ 12Lv
(
10x2 − 3x+ 1
x
)]
〈q¯q〉2 : −
M2Q ρ〈q¯q〉2
3 · 26 pi2 v
(
8 +
1
x
)
〈G3〉 :
M2Q〈g3sG3〉
32 · 214 pi6
[
v
(
84x− 40− 47
x
+
3
x2
)
+ 6Lv
(
28x2 − 18x+ 12 + 1
x
)]
〈q¯q〉〈q¯Gq〉 : 〈q¯q〉〈q¯Gq〉
26 pi2
v
[
1 + x−
M2Qτ
x
(
1− x− 2M2Qτ
)]
. (A.12)
.
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Appendix B. Four-Quark Spectral Functions
They are defined from Eq. 2 as: 1pi ImΠ
(1)
mol(t) for spin 1 particles and
1
pi Imψ
(s,p)
mol (t)
from Eq. 3 for spin 0 ones.
Appendix B.1. (0+) Scalar State
pert :
(1 + k2)M8c
5 · 3 · 212 pi6
[
v
(
480 +
1460
x
− 274
x2
− 38
x3
+
1
x4
)
+120Lv
(
8x− 1− 6 log x− 8
x
+
2
x2
)
− 1440 L+
]
〈q¯q〉 : (1− k
2)M5c 〈q¯q〉
3 · 25 pi4
[
v
(
6− 5
x
− 1
x2
)
+ 6Lv
(
2x− 2 + 1
x
)]
〈G2〉 : − (1 + k
2)M4c 〈g2sG2〉
32 · 211 pi6
[
v
(
6− 5
x
− 1
x2
)
+ 6Lv
(
2x− 2 + 1
x
)]
〈q¯Gq〉 : − (1− k
2)M3c 〈q¯Gq〉
27 pi4
[
v
(
2− 7
x
)
+ 2Lv
(
2x+ 2 +
1
x
)]
〈q¯q〉2 : (1 + k
2)M2c ρ〈q¯q〉2 v
12 pi2
〈G3〉 : (1 + k
2)M2c 〈g3sG3〉
32 · 212 pi6
[
v
(
6− 25
x
+
1
x2
)
+ 6Lv
(
2x+ 2 +
1
x
)]
〈q¯q〉〈q¯Gq〉 : − (1 + k
2)〈q¯q〉〈q¯Gq〉
3 · 24 pi2 v
[
1− M
2
c τ
x
(
1− 2M2c τ
)]
, (B.1)
where we use the same definitions as in the case of the molecule states; k is the
mixing of interpolating currents where k = 0 72,73 is its optimal value.
Appendix B.2. (1+) Axial-vector state
pert :
(1 + k2)M8Q
5 · 32 · 213 pi6
[
v
(
840x+ 140 +
5248
x
− 1164
x2
− 182
x3
+
5
x4
)
+120Lv
(
14x2 + 15− 18 log x− 32
x
+
9
x2
)
− 4320 L+
]
〈q¯q〉 :
(1− k2)M5Q〈q¯q〉
32 · 28 pi4
[
v
(
60x+ 82− 94
x
− 21
x2
)
+ 24Lv
(
5x2 + 6x− 9 + 5
x
)]
〈G2〉 :
(1 + k2)M4Q〈g2sG2〉
32 · 211 pi6
[
v
(
6− 5
x
− 1
x2
)
+ 6Lv
(
2x− 2 + 1
x
)]
〈q¯Gq〉 : −
(1− k2)M3Q〈q¯Gq〉
32 · 28 pi4
[
v
(
42x+ 7− 58
x
)
+ 6Lv
(
14x2 + 9 +
2
x
)]
〈q¯q〉2 :
(1 + k2)M2Qρ〈q¯q〉2 v
12 pi2
〈G3〉 :
(1 + k2)M2Q〈g3sG3〉
33 214 pi6
[
v
(
132x+ 22− 190
x
+
9
x2
)
+ 24Lv
(
11x2 + 3 +
2
x
)]
〈q¯q〉〈q¯Gq〉 : − (1 + k
2)〈q¯q〉〈q¯Gq〉
3 · 25 pi2 v
[
1− M
2
c τ
x
(
1− 4M2c τ
)]
, (B.2)
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Appendix B.3. (0−) Pseudoscalar state
pert :
(1 + k2)M8c
5 · 3 · 212 pi6
[
v
(
480 +
1460
x
− 274
x2
− 38
x3
+
1
x4
)
+120Lv
(
8x− 1− 6 log x− 8
x
+
2
x2
)
− 1440 L+
]
〈q¯q〉 : 0
〈G2〉 : − (1 + k
2)M4c 〈g2sG2〉
32 · 211 pi6
[
v
(
6− 5
x
− 1
x2
)
+ 6Lv
(
2x− 2 + 1
x
)]
〈q¯Gq〉 : 0
〈q¯q〉2 : − (1 + k
2)M2c ρ〈q¯q〉2 v
12 pi2
〈G3〉 : (1 + k
2)M2c 〈g3sG3〉
32 · 212 pi6
[
v
(
6− 25
x
+
1
x2
)
+ 6Lv
(
2x+ 2 +
1
x
)]
〈q¯q〉〈q¯Gq〉 : (1 + k
2)〈q¯q〉〈q¯Gq〉
3 · 24 pi2 v
[
1− M
2
c τ
x
(
1− 2M2c τ
)]
(B.3)
Appendix B.4. (1−) Vector State
pert :
(1 + k2)M8Q
5 · 32 · 213 pi6
[
v
(
840x+ 140 +
5248
x
− 1164
x2
− 182
x3
+
5
x4
)
+120Lv
(
14x2 + 15− 18 log x− 32
x
+
9
x2
)
− 4320 L+
]
〈q¯q〉 :
(1− k2)M5Q〈q¯q〉
32 · 28 pi4
[
v
(
60x− 62 + 26
x
+
3
x2
)
+ 24Lv
(
5x2 − 6x+ 3− 1
x
)]
〈G2〉 :
(1 + k2)M4Q〈g2sG2〉
32 · 211 pi6
[
v
(
6− 5
x
− 1
x2
)
+ 6Lv
(
2x− 2 + 1
x
)]
〈q¯Gq〉 : −
(1− k2)M3Q〈q¯Gq〉
32 · 28 pi4
[
v
(
42x+ 7− 22
x
)
+ 6Lv
(
14x2 − 3 + 2
x
)]
〈q¯q〉2 : −
(1 + k2)M2Qρ〈q¯q〉2 v
12 pi2
〈G3〉 :
(1 + k2)M2Q〈g3sG3〉
33 214 pi6
[
v
(
132x+ 22− 190
x
+
9
x2
)
+ 24Lv
(
11x2 + 3 +
2
x
)]
〈q¯q〉〈q¯Gq〉 : (1 + k
2)〈q¯q〉〈q¯Gq〉
3 · 25 pi2 v
[
1− M
2
c τ
x
(
1− 4M2c τ
)]
. (B.4)
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